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Abstract 



We prove a general theorem about the self-adjointness and domain of Pauli-Fierz 
type Hamiltonians. Our proof is based on commutator arguments which allow us 
^ ' to treat fields with non-commuting components. As a corollary it follows that the 

domain of the Hamiltonian of non-relativistic QED with Coulomb interactions is 
' independent of the coupling constant. 



i> '. 1 Introduction 
o 



Pauli-Fierz Hamiltonians are at the foundation of a mathematically consistent description 
of non-relativistic quantum mechanical matter interacting with the quantized electromag- 
netic field. For a Hamilton operator to describe a unitary dynamics it must be self-adjoint. 
Thus the question of self-adjointness is intimately related to physics. Knowing the do- 
main of self-adjointness turns out to be of technical relevance for proving various properties 
about the Hamiltonian. 

In this paper we prove a general theorem stating that the domains of Pauli-Fierz type 
Hamiltonians are independent of the coupling strength. Our proof is based on elementary 
commutator arguments, which allow us to treat fields of general form. Thus our theorem 
does not require the components of the fields to commute (see Theorem [6]). In such a 
case functional integral methods are typically not applicable. As a corollary, we show 
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that the domain of the Hamiltonian of non-relativistic QED with Coulomb interactions is 
independent of the couphng constant. Such a result has been obtained previously using 
functional integral methods, see [U |2l [3l SI E] . However, an operator theoretic proof has 
sofar been lacking in the literature. 

The paper is organized as follows. First, we introduce definitions and collect some 
elementary properties in lemmas. Although these properties are well known, a proof 
is given in the Appendix for the convenience of the reader. The Hamiltonian of the 
interacting system is realized as the self-adjoint operator associated to a semi-bounded 
quadratic form. In a first step we show using a commutator argument that the domain of 
the free Hamiltonian is an operator core for the interacting Hamiltonian (see Lemma [TTl) . 
In a second step we show using operator inequalities that the free Hamiltonian is operator 
bounded by the interacting Hamiltonian on a suitable core for the free Hamiltonian (see 
Lemma [T2|) . Our result then follows as an application of the closed graph theorem. 

2 Model and Statement of Result 

Consider the Hilbert space L^(M"'). For a measurable function / : ^ C, we define the 
multiplication operator Mfip := fip for all if in the domain D{Mf) = L'^{W^)\f(p G 

L^(M")}. If / is real valued, then Mf is self-adjoint. Let pj be the operator defined by, 
Pjip := —idjip := —i{djip)dist, for ip in the domain 

Dip,) := e L2(M")|(9,V^)dist G L2(M")}, 

where (■)dist stands for the distributional derivative and dj stands for the partial derivative 
with respect to the j-th coordinate in M". The Laplacian is defined by —A := p'^ : = 
J2^=iP'j with domain D{j)^) := i7^(M"). The operators pj and p^ are self-adjoint on their 
domains. 

In this paragraph, we review some standard conventions about tensor products, which 
can be found for example in [6]. The algebraic tensor product V ®W oi the vector spaces 
V and W consists of all finite linear combinations of vectors of the form ip^r] with eV 
and 7] G W . For Ti and K, two Hilbert spaces the tensor product of Hilbert spaces is 
the closure of the algebraic tensor product of Ti and /C in the topology induced by the 
inner product. We adopt the standard convention that V ®W denotes the tensor product 
of Hilbert spaces if V and W are Hilbert spaces; if \^ or is a non complete inner 
product space then V ®W denotes the algebraic tensor product. For A and B closed 
operators in the Hilbert spaces Ti and /C, respectively, we denote by A ® 1 the closure of 
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A (g) 1 \ D{A)0K: and by 1 (g) S the closure of 1 (g 5 \n®D{B). If A is essentially self- 
adjoint on Da, then A ® 1 is essentially self-adjoint on Da ® IC. An analogous statement 
holds for 1 (8 5. For notational convenience, the operators A^l and B ®1 are written as 
A and B, respectively. No confusion should arise, since it should be clear from the context 
in which space the operator acts. By associativity and bilinearity of the tensor product, 
the above definitions, conventions, and properties generalize in a straight forward way to 
multiple tensor products, [6]. 

Let f) be a separable complex Hilbert space and let (g)"l) = f) (g) 1) (g ■ ■ • f) denote the 
n-fold tensor product of i) with itself. We define the Hilbert spaces 

OD 

^:=0-^n, ^o:=C, := 5„(®"fl) , n>l, 

n=0 

where 5*^ denotes the orthogonal projection onto totally symmetric tensors, i.e., the pro- 
jection satisfying Sn{<^i ^ <^2 ^ ■ ■ ■ ® <^n) = ^aes^ V5<^(i) ® Va{2) ® ■ ■ ■ ® (fain), with Sn 
being the set of permutations of the numbers 1 through n. By definition, a vector ip E J-' 
is a sequence {'ip{n))n>o of vectors ■?/'(„) G such that its norm {J2'^=o ll'^H IP)^^^ is finite. 
Let n = (1,0,0,...), and let 

•^fin = {i' ^ ^\ 4'(n) = except for finitely many n} 

denote the subspace consisting of states containing only finitely many "particles" . Let A 
be a self-adjoint operator on f) with domain D{A). The second quantization dr{A) is an 
operator in defined as follows. Let A(„) be the closure of 

(A ® 1 ® ... ® 1 + 1 ® A ® 1 ® ... ® 1 + ... + 1 ® ... ® 1 ® A) f . 

Define {dT{A)ip)(^n) = ^(n)'V^(n) for all ip iii the domain D{dT{A)) := {ip G J-'\4'(n) € 
D{A(^n)) , J2'^=o\\^{n)'^{n)\\'^ < oo} . It follows from the definition that dT{A) is self- 
adjoint. The number operator is defined by = dr{l). For each h E i) we define the 
creation operator a*{h) by 

and extend a*{h) to be an operator in JF by taking the closure. Let a{h) be the adjoint 
of a*{h). The annihilation operator a{h) acts on JFq as the zero operator and on vectors 
Snifi (g> ■ ■ ■ (S> fn) € ^n, with n > 1, as 

n 
i=l 
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For h e i), we introduce the field operator on ^fin 

^{h) ^2-^/\a{h) + a*{h)) . 

This operator is symmetric, and hence closable. Let denote the closure of 

We shall henceforth assume that i) = L'^{R'^;Cp) and that a; : K" ^ [0, oo) is a 
measurable function which is a.e. nonzero. The field energy, defined by, 

Hf = dr{M^) 

is self-adjoint in JF. It is notationally convenient to define the Hilbert space f)^^ := {h G 
f)| < 00} with norm \\h\\^^ := H/?-/ v^P)"""^^- In the next lemma we collect some 

basic and well known properties. A proof of the lemma can be found in the Appendix. 

Lemma 1. The following statements hold. 

(a) For g, he I), 

[(t){g),(j){h)] = ilm{g,h) on ■ (1) 

(b) If he fjo,; then DiH]'"^) C D{4){h)) and 

\\m{Hf + l)-'l'\\ < 2'l'\\h\\^. (2) 
If g,he i)^, then D{Hf) C D{4>{g)4>{h)) and 

\\cl>{g)m(Hf + l)-'\\ < M\gU\h\\^. (3) 

(c) If hjCuh e i), then 

[Hf, (l){h)] = -i^{iujh) on JP-fin n D{Hf) . (4) 

Now we will extend the above definition to the tensor product Ti = L^(M") of 
Hilbert spaces. We will use the natural isomorphism of Hilbert spaces, 

n L2(R") (g) JT ^ L'^{W; JF) , 

and we introduce the space 

"Hfin = {ip e7i\ ip(n) = , except for finitely many n} . 
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Let L~(M^; f}) and L°°(M'^; i)^) denote the Banach spaces of measurable functions from M 
to f) and [)uj with norms ||G||oo := esssup^.g]gd||G'(x)|| and HGHij.oo := esssup3..g]Rd||G'(x)||t^, 
respectively. For G G L°°(M'^; f)) define ${G) for G Tiffin by 

Note that ^{G) is a symmetric operator and hence closable. Let ^{G) denote the closure 
of $(G'). 

Remark. Although not needed for the proof of the theorem, we note that (pif) and 

are essentially self-adjoint on ^Fg^ and 7-^fin, respectively. This can be shown using, for 

example. Nelson's analytic vector theorem, see [7]. 

Lemma 2. Let G G /."^(M"'; f)^). Then D{H]''^) C D{<^{G)) and 

mG){Hj + l)-'/^ < 2y'\\G\U^ (5) 

Proof. Follows from inequality ([2]). □ 

Lemma 3. Let (G'i)"=i C L°°{W; f)^), and Aj := Then the quadratic form 

n 

q{^, ^) := ^((p, + A,)^, (p, + A^)^) + {H]'\, Hf^) , (6) 

1 /2 

defined on the form domain Q{q) := f]-D(p.j) fl D{Hj ) is nonnegative and closed. 

The proof of this Lemma is given in the Appendix. 

Definition 4. For {Gj)"^^^ C L^(]R"; f)^), let T4 6e t/ie unique self-adjoint operator asso- 
ciated to the quadratic form ([6]). For Gj G L^(M"'; [)), ti;e will set Aj := $(G'j). 

Remark. By the first representation theorem for quadratic forms, Ta is characterized as 
follows: 

{TA^,i;) = qi^,ij) , VV^GQ(g), (7) 

for all ip in the domain D{Ta) = {v^ G Q{q)\3rj G 7Y, V'?/' G C, q{ip,ip) = {ri,ip)}, where C 
is any form core for q. 
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Definition 5. G e L°°(R"; f)) is said to be weakly dj-differentiable if there is a K & 



in that case we write djG = K . 

Hypothesis (G). {Gj)^^i C L°°(R"; f)^) is a collection of functions such that Gj is 
weakly 6>j-differentiable and cuGj, J^IU ^iGi G L°°(M"; t)^). 

We will adopt standard conventions for the sum and the composition of two operators: 
D{S + R) ^ D(S) n D(R) and D(SR) = {V' e D(R)\R'ijj e D(S)}. Since and Hf 
are commuting positive operators, + Hf is self-adjoint on the domain D{p^ + Hf) — 
D{p')nD{Hf). 

Theorem 6. Let Hypothesis (G) hold. ThenTA is essentially self-adjoint on any operator 
core for p^ + Hf and D{Ta) = D{p^ + Hf). 

The next theorem relates Ta with a natural definition. By [p -\- A)'^ we denote the 
operator sum YlijiPj + ^j)^- Thus by definition 

^eD{{p + A)^) 

<^ ^p e D{pj) n D{Aj) and {pjLp + Aj^p) e D{pj) n D{Aj) , Vj = 1, .., n ; 
and D{{p + + Hf) = L>((p + A)^) n D{Hf). 

Theorem 7. Suppose Gj G L°^(R"^; f)^) zs weakly dj-differentiable and djGj G L°°(M"; 1)^^) 
/or j = 1, n. Then D{p^ + C D{Ta) n + A)^ + Hf). Furthermore, 



3 Applications 

Let n = (g)"(L2(R3) (g) C^)) ^ L2(]R3". ^nc2^ ^j^p Hilbcrt space, describing n spin-| 
particles. Let Xj denote the coordinate of the j-th particle having mass rrij > 0, and let 
X = {xi,...,Xn) G M^". Let 



L°°(R"; I)) such that for all v e i) and all f G C^(M") 





ip + A)''if + Hf<f^TA(fi, if (f e Dip'' + Hf) . 



= l(8)---l(8)(7a(8)l---(8)l. 
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where cTa, the a-th Pauh matrix, acts on the j-th factor of (^^C^. Let P) = L^(R^; C^), and 
let e{l,k) and e{2,k) be normahzed vectors in depending measurably on k/\k\ such 



that {e{i,k),k) = 0, for i = 1,2 and {e{l,k),e{2,k)) = 0. Let uj{k) = y'mji^ + P for 
some mph > 0. Let p{k) be a function such that p/cj, y/up G L^(R^). For a = 1, 2, 3 and 
j = 1, ...,n, let 

[GU^)]{k,X) = -^e-^'-^^SaiKk), [E,,a{x)]{k,X) = ZlP^e-''-^^{kAe{X,k))a , 
Juj{k) Vuj{k) 



and Aj^a = ^{Gj,a) ^ja = Let Vc : M^" R be a function which is 

infinitesimally bounded with respect to —A := p^. For example this is the case, if for 



M ^ Tn,3 



Cj^i, G R and {Rj)%^ C 



n M 

Vc = Y' ""''^ + y V - 

j=i j=i ■> 



We want to point out that one usually imposes the constraint that p{k) = p{—k), which is 
not needed for the corollary below to hold. Moreover, note that [Aa^i, Abj] = is satisfied 
only if \p{k)\ = \p{—k)\ (see Lemma [9]). 

Corollary 8. The operator 

E - ^^■^^■)' + ^/ + E ^.^^ ■ B3 + V. , (9) 

with Cj G R, is well defined on Di^j-:^ + Hf). It is self-adjoint with this domain, 
essentially self-adjoint on any core for + Hf, and hounded from below. 

Clearly the same result holds if we restrict the operators to subspaces taking into 
account certain particle statistics. The statement of this corollary has been previously 
obtained using functional integral methods, [5]. 

Proof. After rescaling the particle coordinates and the functions ([8]), we can assume that 
nij = 1 and cj = —1. The Gj^a (possibly a rescaled version thereof) satisfy the assumptions 
of Theorems [6] and [3 Thus by Theorem [3, (p + A^ + Hf is well defined on D(p^ + Hf). 
Moreover, for if G D(p^ + Hf), we have [p + A)'^ip + Hfip = Ta^P- By Theorem [6l D{p^ + 
Hf) = D{Ta) and therefore Ta is p^ + Hf bounded. Since crj-Bj and Vc are infinitesimally 
small with respect to + Hf, the claim follows now from Kato's Theorem. □ 
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4 Proofs 

We use the convention that [S, R] stands for the operator SR — RS defined on the domain 
D{[S,R]) = {ipe D{R) n D{S)\SiIj e D{R), Rip G D{S)}. 

Lemma 9. The following statements hold. 

(a) ForF,Ge L°°(R"; f)), 

mF),^G)] = zlm{F,G)^ on H^^, 

where the right hand side is a multiplication operator and the inner product is taken 
in f). 

(h) If F,Ge L°°(M"; f)^), then D{H]'^) C D{^{G)) and 

||$(G)(i/; + l)-V2||<2V2||G||^,^ 

moreover, D{Hf) C D($(F)$(G)) and 

+ < 4||F||^,oo||GL,oo . 

(c) ForG,ujG G t)), 

[Hf, = -i^{iuG) on n D{Hf) . 

(d) Let G G L°°(M"; [)) he weakly dj-differentiable. Then ^{G) leaves H&n n D{pj) 
invariant and 

[p„ $(G)] = on Hfin n D{p,) . 

Proof. All statements up to and including (c) follow directly from the definition and 
corresponding statements in Lemma [H (d) Follows from Lemma [13] in the Appendix. □ 

In the proof, we will use certain commutator identities which can be easily verified on 
a suitable core, which we shall now introduce. Let 

(oo 
n=0 

where denotes the set of functions / in L^(M'^; C^) with supp/ C IJm=o{^l^(^) — 
and n^QS'„((g)"C"^) denotes the set of all sequences (^/'(„))^o such that G ^^(^"C"^) 
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and = for all but finitely many n. Note that C C 0^=1 D{Hf). If Gj E L°°(R"; f)) 
is weakly 9j-differentiable, we have by Lemma [9] (d), 

C c D{p'^) n D{Ajp,) n Dip.Aj) n /^(A^^) . (lo) 

Lemma 10. Let {Gj)^^i C L°°(M"; f)^^). T/ie sei C is a form core for q. 
Proof. By definition we have to show that C is dense in {Q{q), \\ ■ ||+), where 

IIV^II+I := llv^ir + E life- + + ll^yVf • (11) 
j 

For ip G there exists a sequence C C such that ip^ i^, Pji^n Pji^, and 

Hy^ipn ^y^"^- "^^^^ and Lemma [H] (b) imply that {pj + Aj)il)n {pj + Aj)il). Thus C 

is dense in {Q{q), \\ • ||+). □ 

Part (c) of the next lemma immediately implies Theorem [3 Parts (a),(b) and (d) will 
be used to prove Theorem [61 

Lemma 11. Suppose for j = l,...,n, Gj G L°°(M"'; [)) is weakly dj-differentiahle. Then 
following statements are true. 

(a) For all ^ e C, Ta^ = {v + ^) V + Hfif. 

(h) Let Gj,^idiGi G L°°(M"; f)^) for all j = Then D{p'^ + Hf) C D{Ta). 

(c) Let Gj, djGj G f^^) for all j = 1, n. Then D{p^ + Hf) C D{{j) + Af) n 
D{Ta) and for all ip E D{p^ + Hf), Ta^ = {p + Af^ + Hjip . 

(d) If Hypothesis (G) holds, the set DijP + Hf) is an operator core forTA- 

Proof, (a). Using (ITUI) . we see that for ip^ip EC, q{ip, ip) = Yl,jiiP + + i^fip, ijj). 

This shows (a). 

(b). Let ip E D{p'^ + Hf). By definition ip E D{p^) n D{Hf). By Lemma El G D{Aj). 
Since \\H^f^'^piip\\'^ < \\Hfip\\^ + we have pi(p E D{Ai). Thus it follows that for 

^eC, 

q{ip, ^) = V") + (AjPj^, ^) + [A]^, ^) + (y^, + (i/yy;, ^) . (12) 
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Now using Lemma [9] (d), we see that the summation over the last term in the sum yields, 

j j 

j 

Thus, there exists an 77 G 7i, such that for all G C, q{ip,ip) = {rj,ip). This shows (b). 

(c) . In view of (b) and f|T2|) . we only need to show Ajip G D{pj). By Lemma [9] (d), for 
V'n = X[o,n]{N)ip with X[o,n] denoting the characteristic function of the set [0,?7,], 

PjAjipn = -i(p{djGj)ipn + AjPjipn • 

Since the limit of the right hand side exists and Ajipn converges, it follows that Ajip G 
D{p,). 

(d) . Let a > 0. For notational compactness, we set Ra '■= {aHf+l)~^ and 11^ := ^{iuGj). 
Moreover, observe that -D(|p|) = r\jD{pj). 

Step 1: For ^ G D{Ta), and for all ^/^ G C, 

q{Ro,ip, iP) = q{^, R^iIj) + t/-) + 2 + A,-)<^, ^j) , (13) 

i 

where Ea,j and R^ are bounded operators defined by 

Fa = -Y. 2"'^" i^jRaf - aRl J2{ujGj, G,)^ + <^{^AG,)] . 

j j 

To show this, let ip G D(Ta) and ip E C. By definition ip G D{\p\). Since is bounded 
and acts on a different factor of the tensor product it leaves -D(|p|) invariant. It follows 
that Ra'^ G Q{q)- By the definition of the quadratic form, 

q{R^V, 4j) = Y, Ro^iPj + A.ftp) + {H]'^^, HfR^ij) . (14) 
j 

We write the summand in the first expression on the right as 

{if, R^ipj + A.fij) = {if, (p, + Ajf]i;) + {if, (p, + AjfR^ij) 

= {ip, [R^, {p, + Ajf]ij) + {{p, + A,)^, {pj + A,)R^^P) 
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Inserting this into (fT^ we find 

q{Ra,^, ifj) = q{ip, Raij) + {(f, [Ra, {Pj + • 

j 

We calculate the commutator 

[Ra,{Pj+A^y]ij) 

j 

j 

j 

j 

where we used that on Tifin, 

E^j = [A,, R^] , [[Ra, Aj],Aj] = -2a^Ra {IljRaf - aRl{ujG„ G,)f, . 

Step 2: For all ip G D(Ta), Ra'^ G D(Ta) and lim^jo ^A-RaV' = T^^p. 
From Eq. ( fT3l) . it follows that -R^V^ ^ E)(Ta) and that 

i 

By the spectral theorem s — limaioRa = 1- Using the estimate 

\\a^/%{aHf + < ^^^^^^ a^/^)\\Uj{Hf + 1)"^/^ , 

we see that Eaj and the first term of Fa converge to for a | 0. Moreover, 

as a I 0, which implies \imaio[Ra, ^(X'jdjGj)]Lp = 0. Thus the right hand side of Eq. (ITSll 
converges for a | to T^v?. 

Step 3: For G /^(Ta), and a > 0, i?„<^ G ^(p^) n /^(i^/). 

It is clear that R^ip G D{Hf). Let G D{Ta)- Then by f|T3l) there exits an rj E H, such 
that for all G C, 

iv,^) = J2^iPj + A,)Raip,{pj + A,)tP) 
j 

i 

11 



Furthermore, using X;j(^ii?aV5,PjV') = {Ra'^,i^{^jdjGj)ij)+^j{Ra(p,PjAjij), ip e D{\p\), 
and Lemma [9], we see that there exists an t]i G Ti, such that 

j 

This imphes Ra<^ G D{p'^), since C is a form core for p^. □ 

Lemma 12. Let Hypothesis (G) hold. Then there exists constants Ci,C2 such that for 
all (f E C, 

IK/ + HfM' < CMp + A)' + HfM' + CM' . (16) 
Proof. The proof will be based on the relations given in Lemma [H First observe that 

\\{p' + Hf)cp\\'<2\\p'ipf + mM\\ VypGC. (17) 
The lemma will follow as a direct consequence of Inequality ( JT711 and Steps 1 and 2, below. 

Step 1: There exist constants ci, C2, C3 such that 

IbVir < cMp + A)Vf + C2\\Hfipf + call^f , Vy.eC. 

We have 

llpVf = Uip + Af - A- ip + A) - {p + A) ■ A + A'M' 

<3\\{p + A) Vf + S\\iA-{p + A) + ip + A)- A)ipf + spVf , 



writing A'^ = A ■ A. We estimate the middle term using the notation [p, A] := "^Apj, A 



\\{A-{p + A) + {p + A)-AM'' = \\{2A-{p + A) + [p,A]M' 

< 8\\A-{p + A)M' + 2\\[p,A]^f . (18) 

The second term on the last line is estimated using ||[j9, < C\\{Hf + lY^'^LpW'^. Here 

and below C denotes a constant which may change from one inequality to the next. The 
first term in ffTSl) is estimated as follows: 



\A.{p + AM' < c E WMp^ + <cJ2n + + • 
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Further, using a commutator 

j j 

= J2 ((fe + ^:'-) V, (Hf + 1)^) + ((p + A),^, [Hf, A,]^)) 
j 

< C{\\{p + AM' + \\{Hj + lM'). 
Collecting the above estimates yields Step 1. 
Step 2: There exists two constants Ci and C2 such that 

\\{p + A)Vf + \\HM\' < + A)' + HfM' + C2M' , Vy. G c . 

Calculating a double commutator, we see that 

\\\HM\' + {Hjy,, {p + A) V) + {{P + Af^, Hf^) 

i 

+ t^^-' t^^-' ^Z]]*^) + + (^/V'' [A-'P^-lV')) 

> ^ll^/v^f -c|l(^/ + i)^/Vf 

for some 6. Step 2 follows from this. 

□ 

Proof of Theorem\^ By Lemma [TT] (b). we know the inclusion D{p'^ + Hf) C D{Ta)- From 
the closed graph theorem it follows that T4 is p^ + Hf bounded. This, Lemma [TT] (d). and 
the fact that C is an operator core for p"^ + Hf, imply that C is an operator core for T4. 
From this. Lemma [TT] (a), and Inequality f[T6]) we conclude that D{Ta) C + Hf). 
The statement about the core holds for any closed operators having equal domain. □ 
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Appendix 



Proof of LemmaUl (a). Relation ([T]) follows from the following relations on jFgn, [a(/), a{g)] 
0, [a*{f),a*{g)] = 0, and [a{f),a\g)] = if,g), for all f,gei). 

(b). We will use the natural isomorphism ^ ^^((M'^ x Cf)"). We set ir„ = 

{ki, Ai, . . . , A„) G (M"^ x C^)" and write / dK^ for Eai,...a„=i / dki...dK. For V e 
and / e (lo;, 



■fin 



K/)^ir = E 



n=0 



+ 1)1/2^ / /(A;i)^(A;i)-i/2a;(A:i)i/2^„+i(A:i,Ai,ir„)rfA;i 



oo „ „ 

< ||//v/^f ^ {n + lMk,)\iJr.+i{kuXuKn)\''dk,dK^ 

= \\f/M\\^,Hf^). 
Thus D{Hy^) C D{a{f)). For G Jfi„, 

||a*(/)^f = (a*(/)^,a*(/)^) = ||/|n|v.f + ||a(/)^||2 . 
By this and we find D{H]''^) C D{a*{f)) and 

wf < ii/irii^ip + ii//v^irii<vir • 

If G JFfin and /, (7 G f),^, then with c„ := {n + l){n + 2), 
Hf)a{g)i;f 



(19) 



< 



n=0 



/ 



^ y f{kiAi)9{k2A2)iJn+2{ki,\i,hA2,Kn)dkidk2 

Ai,A2 

2 00 „ „ 

^ / ^ / c„u;(A;i)cc;(/c2)|^/'n+2(/^i, Ai, A;2, A2,-R'n)r'i/ci'i/c2C?-ft'n 



n=0 ^ Ai,A 



(20) 



Now using the commutation relations, linearity, and the triangle inequality we can reduce 
Inequalities ([2]) and to the estimates ffT^ and (1201) . 

(c). This follows from the identities [Hf,a{f)] = —a{ujf) and [Hf,a*{f)] = a*{ijjf) on 
^fin n D{Hf), which in turn follow from the definition. □ 

Proof of Lemma\^ By Lemma [2|, the right hand side of ([6]) is well defined. By definition q 
is closed if and only if Q{q) is complete under the norm (ITTi) . We write (a„) as a shorthand 
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notation for the sequence (an)5^o- Let (v?n) C Q{q) be a Cauchy sequence with respect 
to the norm || ■ ||+i, see ( fTII) . We see that the sequences 



(ifn), (Hy^ipn), {{Pj + Aj)(pn), j = 1,2,3, 



(21) 



are Cauchy sequences in Ti.. Since (Hy^ipn) is Cauchy in Ti., it follows from Lemma [2] 
that (Ajifn) is also Cauchy in Ti. Hence also (pj^Pn) is Cauchy in Ti. Since pj and Hf are 
closed, it follows that the limit if = lim„^oo V^n is in the domain of Q{q). We conclude 
\\ip — (Pn\\+i ^ as n tends to infinity. □ 



Lemma 13. Assume G G L°°(R"; P)) is weakly dj-differentiable. Then for ip G D{pj) H 
Tifinj ^{G)%Ij is in the domain of pj and 



Proof. Suppose 



with /j G and ^i, /i^ G f). Then 

<I>(G)^2) = {iPjfl ® 6, <^>(G')/2 ® 6) 

[(6,2-^/'(a*(G(a;)) + a(G(a;))6) /2(a:)] dx 

djfiix) {G{x),gi)a\g,) ■ ■ ■ a\gi) ■ ■ ■n)f,{x) 

dx , 



2-1/2 



+ J2 djfi{x)i{G{x), hi)a*{h^) ■ ■ ■ a* (hi) ■■■Q, i^)f^{x) 
I 

where a* (hi) stands for the omission of the term a* (hi). We find, 

(zp,^i,«l>(G)^2) =-2-'/' I f,(x)[Y,(i,,(gi,d^G(x))a*(g{)---a*(gi)---n)f^( 

^ I 

+ (91, G(x))a*(g,) ■■■a*(gi)--- n)d,f2(x) 

I 

+ J2iihi, d,G(x))a*(h,) ■ ■ ■ a*(hi) ■■■n, ^2)f2(x) 



+ Y,((hi, G(x))a*(h^) ■ ■ ■ a*(hi) ■■■n, ^2)djf2(x) 
= (^1, -$(9,G)V2) + (i^i, HG)(-tp,)ij2) ■ 



dx 
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Since linear combinations of vectors of the form ijji constitute a core for pj and pj is 
self-adjoint we find $(G)'02 £ D{pj) and 

p,-($(G')V^2) - -t^djG)iP2 + HG)pjij2 . 

This equation now follows for any 1P2 G D{pj) fl 7i&n by taking linear combinations and 
then limits. □ 
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